Multi-band touchings such as 3-band, 6-band and 8-band touchings together with the emergence of high pseudospin fermions were predicted recently at high-symmetry points in three-dimensional space. In this paper, we propose a simple cubic model whose unit cell contains three atoms. There are 6 bands in the system due to the spin degrees of freedom. The 4-band and 2-band touchings are realized at high-symmetry points, where we derive low-energy theories, demonstrating the emergence of pseudospin-3/2 fermions and Weyl fermions, respectively. Away from the high-symmetry points, we find critical Weyl fermions present exactly at the boundary between the type-I and type-II Weyl fermions. This critical Weyl fermion transforms into the type-I or type-II Weyl fermion once the magnetic field is applied. Very recently, new types of fermions with multi-band touching were proposed based on the symmetry analysis as well as the first-principles calculations, where 3-band 26,27 , 6-band 26 and 8-band 26, 28 touchings were reported at highsymmetry points. Especially, it is shown that the 3-band touchings are well described by the fermions carrying the pseudospin 1. Furthermore, the 8-band touching has been proposed in antiperovskites to produce a pseudospin-3/2 fermion 29 . On the other hand, the 4-band touching is yet to be realized although some discussions were given in the supplement of Ref.
Dirac, Weyl and Majorana fermions have attracted much attention in condensed matter physics in views of topology and symmetry. They have a 2-band touching with a linear dispersion. Dirac and Weyl fermions emerge in various materials, which are called Dirac and Weyl semimetals 1 . An interesting feature of Weyl semimetals is that they have a monopole charge in the momentum space, which protects the existence of the Weyl points topologically 2 . The type-II Weyl semimetal has attracted much attention recently [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] , which emerges when the Weyl cone is highly tilted so that the Fermi surface consists of a pair of electron-and hole-pockets touching at the Weyl point. It is experimentally realized in MoTe 2 13-17 Very recently, new types of fermions with multi-band touching were proposed based on the symmetry analysis as well as the first-principles calculations, where 3-band 26, 27 , 6-band 26 and 8-band 26, 28 touchings were reported at highsymmetry points. Especially, it is shown that the 3-band touchings are well described by the fermions carrying the pseudospin 1. Furthermore, the 8-band touching has been proposed in antiperovskites to produce a pseudospin-3/2 fermion 29 . On the other hand, the 4-band touching is yet to be realized although some discussions were given in the supplement of Ref. 26 .
In this paper, motivated by these proposals on multiband touchings and fermions carrying higher pseudospins, we present tight-binding models possessing 4-band and 2-band touchings [ Fig.1 ]. They are realized naturally in a lattice structure with the cubic symmetry where the unit cell contains three atoms [ Fig.2] . We call it a tricolor cubic lattice. First, we derive the low-energy 4-band theory at the high-symmetry points, which is shown to produce pseudospin-3/2 fermions having the angular momenta j = (−3/2, −1/2, 1/2, 3/2). We also show that the bands have monopole charges −3, −1, 1, 3 at these points. Second, the 2-band theory is described by the Weyl fermion. Furthermore, away from the high-symmetry points, we find a critical Weyl fermion, which resides at the exact boundary of the type-I and type-II Weyl fermions. They transform into the type-I or type-II Weyl fermions once the magnetic field is applied.
Tricolor cubic lattice: We consider a cubic lattice as illustrated in Fig.2(a) . Though it looks complicated, the unit cell is quite simple. It contains three atoms represented by magenta, cyan and yellow spheres [ Fig.2(b) ]. Each color atom forms the body-center cubic lattice. We call it a tricolor cubic lattice. The Brillouin zone is shown in Fig.2(c) . There are four high-symmetry points; Γ (0, 0, 0), P (π, π, π), N (π, π, 0) and H (2π, 0, 0).
Additionally, there are important
Model Hamiltonian: The main term of the lattice Hamiltonian is the hopping term along the bonds d ij = r i − r j connecting a pair of the nearest neighbor sites i and j in the tricolor cubic lattice [ Fig.2(a) ]. We also introduce the spin-orbit interaction (SOI) preserving the cubic crystalline symmetry 30 ,
with λ the coupling strength and σ = (σ x , σ y , σ z ) the Pauli matrix for the spin. The Hamiltonian has six bands due to the spin degrees of freedom. The 6-band Hamiltonian reads 
in the momentum space, where
with f α = t cos k α , g α = λ sin k α , α = x, y, z, and the 2 × 2 unit matrix I 2 . We remark that the SOI is zero (g α = 0) at the high-symmetry points Γ, P , N , H and also at the ∆ point.
Band structure: The energy spectrum is obtained by diagonalizing the Hamiltonian. We show the band structure along the line Γ-∆-H-G-N -Σ-Γ-Λ-P -F -H-F -P -D-N in Fig.3 for typical values of the parameters t and λ. The 4-band and 2-band touchings are observed at various points in Fig.3(b) . The high-symmetry point P is typical, around which we show the bird's eye's view of the band structure in Fig.1 .
The 4-band touchings are protected by the cubic crystalline symmetry and the time-reversal symmetry. They occur at the high-symmetry points Γ, P , N , H and additionally at the ∆ point. Hence, hereafter we count the point ∆ as a member of the high-symmetry points. Let us explain how the 4-band touching emerges. As shown in Fig.3(a) , in the absence of the SOI, the four-fold degeneracy is present due to the cubic crystalline symmetry at the high-symmetry points. Even by including the SOI, the bands never split at the time-reversal invariant momentum points, which implies the Kramers degeneracy. (In the present model this is realized since the SOI is zero at these points.) Consequently, the 4-fold degeneracy without the SOI yields the 4-band touching with the SOI at all the high-symmetry points [ Fig.3(b) ].
To explore these touchings analytically we diagonalize the Hamiltonian by an unitary transformation U ,
at the high-symmetry points; ν = + for the Γ, N and H points and ν = − for the P and ∆ points. The bands with the first two energies 2νt form a 2-band touching, while those with the four energies −νt form a 4-band touching as in Fig.3(b) .
4-band touching: First we construct the 4-band model by way of H
, where U is fixed by (3) while P 4 is the projection operator from the 6×6 Hamiltonian to the 4 × 4 Hamiltonian containing the four bands with the eigen energies −νt. The 4-band Hamiltonian is derived up to the linear order of k α as
where η = + for the Γ, P , N , H points and η = −1 for the ∆ point. Here we have set the origin of the momentum k α = 0 at each high-symmetry point to investigate physics near the point. This Hamiltonian (4) is exactly diagonalizable,
which is independent of η, where j = −3/2, −1/2, 1/2, 3/2. The energy spectrum consists of two Weyl cones with velocities λ/3 and λ [ Fig.1(b) ]. Pseudospin 3/2 fermion: The energy eigenvalues (5) as well as the eigenfunctions are the same as those of the pseudospin-3/2 Weyl fermion defined by
where J is the pseudospin-3/2 operator. It implies that the Hamiltonian (4) is unitary equivalent to the system of the pseudospin-3/2 fermions. A comment is in order with respect to the pseudospin-3/2 fermion. It has already been proposed in antiperovskites, where the Hamiltonian is written as 29, 31 
It is an 8-band model due to the presence of another pseudospin degrees of freedom τ . Furthermore, this model has another operatorJ preserving the cubic symmetry, which introduces another velocity v 2 . In general, it is impossible to obtain the exact energy spectrum of this Hamiltonian.
Monopoles: With the use of the eigen function, the Berry curvature is explicitly calculated for each band as
where j labels the band with j = −3/2, −1/2, 1/2, 3/2. In deriving the formula we have used the fact ∂ψ ∂r = 0. Since Interestingly, the linear order of k z is absent in the second energy spectrum. Consequently, they are a critical Weyl semimetals between the type I and II Weyl semimetals. Magnetic-field-induced type-II Weyl semimetals: We apply external magnetic field (B = 0) in the [001] direction. The Hamiltonian is given by adding the term Bσ z ⊗ I 3 to the Hamiltonian (2), where I 3 is the 3 × 3 unit matrix. There occurs the Zeeman split in the band structure as in Fig.4 .
With respect to the 2-band touching (Weyl point), the only effect of the magnetic field is adding the Zeeman term Bσ z to the Hamiltonian (10) . It results in a shift of the Weyl point in the z direction, but the gap never opens.
On the other hand, the 4-band touching is broken under the magnetic field. This is because it is protected by the timereversal symmetry and the cubic symmetry.
Type-II Weyl fermions are produced in two different ways as the magnetic field is introduced. (i) First, as we remarked just in above, there exist critical Weyl points in the vicinity of the 4-band touching point [ Fig.4(a) and Fig.5(a) ]. They are turned into the type-I and type-II Weyl points [4(b) and Fig.5(b)]. (ii) Second, as the 4-point touching is broken, there appear six 2-point touchings in general as in Fig.4(b4) , among which we find type-II Weyl points.
